Abelian groups in which endomorphic images are fully invariant  by Lawver, Donald Allen
JOURNAL OF ALGEBRA 29,232-245 (1974) 
Abelian Groups in Which Endomorphic 
Images Are Fully Invariant 
DONALD ALLEN LAWVER* 
College of Liberal Arts, The University of Arizona, Tucson, Arizona 85721 
Communicated by P. Cohn 
Received October 9, 1972 
1. INTRODUCTION 
In this paper we concern ourselves with the following problem due to 
Szele and Szendrei [lo] and listed as Problem 47 in [4] : Is the endomorphism 
ring commutative if every endomorphic image is fully invariant ? 
In [8], Reid gave a counterexample to the Szele-Szendrei problem by 
constructing a ring of rank 4 with specified properties to guarantee, by 
A. L. S. Corner’s excellent work [3], a torsion free group of rank 8 for which 
endomorphic images are fully invariant but whose endomorphism ring is 
isomorphic to the constructed non-commutative ring. 
The investigation here will show that for every positive integer n there 
are torsion free counterexample groups of rank 8n with endomorphism rings 
of rank 4n. We will also indicate to what extent this list is exhaustive and 
show that there are no counterexamples of a specified type of rank less than 8. 
In Section 2 we discuss preliminary concepts (particularly stability and 
n-stability for abelian groups and rings) and restrict our attention to torsion 
free abelian groups of finite rank. 
In Section 3 we indicate the sufficiency of studying strongly indecomposable 
groups and n-stable subrings of division rings. 
In Section 4 we characterize all n-stable subrings of the rational quaternions 
which generalize to give the counterexamples of rank gn found in Section 5. 
Finally, in Section 6, we point out that 8 is the minimum rank of groups 
having endomorphism rings isomorphic to n-stable non-commutative sub- 
rings of the quaternions. 
* I wish to express my gratitude to Professor L. Fuchs for extended discussions 
concerning this topic. I am also indebted to Professor H. B. Mann for his aid with 
Section 5. 
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2. PRELIMINARIES 
All groups under consideration are additively written abelian groups and G 
will designate an arbitrary group. 
We will use the following set notations: 
N: the set of positive integers, 
iv, = N u (O}, 
Ml = N, u {-co}, 
IP: the set of rational primes, 
P, = P - {2}, 
Z: the set of all integers, 
Q: the set of all rational numbers, 
Qpz : the rational numbers with denominators prime to 2, 
A(R; n): the set of all rz by n matrices over a ring R. 
We will denote the endomorphism ring of G by b(G), or 8 if no confusion 
arises and recall that a set S C G is said to be fully invariant (in G) if aS C S 
for every a E 8. 
For the sake of brevity we need the following: 
DEFINITION 2.1. For 71 E N, we will say that a group G is n-stable if for 
any a, /3 E 8, g E G, there is a g’ E G such that naj?g = /Ig’. G will be called 
stable if it is n-stable for 71 = 1. 
We may now rephrase the Szele-Szendrei problem: Is b(G) commutative 
if G is stable ? 
Note. If b(G) is commutative, then for a, p E 8, g E G, aj3g = ,3(q) so 
that G is stable. 
If G is a stable torsion group, it is easy to verify that d must be commu- 
tative [lo]. 
For mixed stable groups, the Szele-Szendrei problem is still unsolved in 
the following sense: If G is a mixed stable group for which d is not commu- 
tative, does there exist a torsion free subgroup H < G such that 
(i) b(G/H) is commutative, 
(ii) H is stable but b(H) is not commutative ? 
The only results for the mixed group case are found in the original paper [ 101 
and in [6]. 
We therefore only comxrn ourselves here with stable torsion free groups of 
Jinite rank. 
We now give a brief discussion of the background for the torsion free 
case. First, Corner’s result [3]: 
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THEOREM B. Every reduced, torsion free ring A of Jinite rank n is isomor- 
phic with the endomorph&n ring d(G) f o some reduced, torsion free group G 
of rank 2n. 
For the remainder of this section we discuss the results of Reid [8]: 
DEFINITION 2.2. (i) A ring R (with 1) is said to be subcommutative [2] 
if for every (II, /I E R, there is a y E R such that $I = /3y. 
(ii) Let 1 be an index set and for each i E I, di a division ring. For 
a E IIAi (the ring direct product), define a’ by 
We call a subring A of DA, a stabZe subring if a’Aa C A for all a E A. 
Note. If 8(G) is subcommutative, then G is stable. 
THEOREM. Any stable subring of a direct product of division rings is sub- 
commutative and has no proper nilpotent elements. Every subcommutative ring 
without proper nilpotent elements is a subdirect sum of stable subrings of division 
W,f> = I 
1 
rings. 
Let D(e, f) be the algebra of quaternions: 
with D = D(l, 1) the usual representation of the division algebra of rational 
quaternions. 
For p E P, write Q, for the field of p-adic numbers and put D, = 03 @ Q, . 
Then D, is a central simple algebra over Q, (cf. [l, p. 149, Th. 311) and it is 
known that there exists a p such that D, is not a full matrix algebra over Q2, . 
Since [D, : Q,] = [D, Q] = 4, th is implies that for such a p, D, is a division 
algebra over Q, . Thus [I, Chap. IX], D, contains a valuation ring J, and 
D,/ J, is p-primary as a group. Also, for all a E D,“, a-l J,a C J, . 
Put A = D n J, . Then A is torsion free, countable with 1, and stable 
in D. A is subcommutative, but not commutative. By Corner’s theorem, 
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there is a G with b(G) ‘v A so that G is stable (rank A = 4, rank G may be 
taken to be 8). 
We will show that p above must be 2 so that A = D n Jz = ID,, the 
quaternions with every denominator prime to 2. 
3. THE SUFFICIENCY OF STUDYING STRONGLY INDECOMPOSABLE G 
AND ~-STABLE SUBRING~ OF DIVISION RINGS 
Since for any n E N, d(nG) is naturally isomorphic to b(G) we have 
LEMMA 3.1. If G is stable so is nG. If nG is stable, G is n-stable. 
LEMMA 3.2. If G is stable and nG < A, @ A, < G, then hom(A, , Aj) = 0 
forifj. 
Proof. Suppose, w.l.o.g., that ol: A, -+ A, , 01 # 0. Define a: G + G 
by ng = ng IA1 = a, E A,. Now, 01r E b(G). But (cllr)~ is such that 
nA, < rrG < A, with (a~) rrG < A,. Now (orrr)rr # 0, by the torsion 
freeness of G. But this contradicts the stability of G. 
LEMMA 3.3. Let G be stable and nG < Cf=, Ai < G with the A, strongly 
indecomposable. Then every Ai is n2-stable. 
Proof. By [9] and Lemma 3.2, n(argn)(/37rin) ai = (q%J(ng) = /%rinai’. 
Thus, n3c$3ai = @ai’ so that n2$ai = j3ai’ and each Ai is n2-stable. 
LEMMA 3.4 [9]. Suppose G is strongly indecomposable and OL E d(G). Then 
a! is manic OY nilpotent and radica2 (b(G)) = {a E b(G): 01 is nilpotent}. 
To study n-stability we need the following generalizations for subcommu- 
tativity and ring stability: 
DEFINITION 3.5. (i) A ring R is said to be n-subcommutative if for 
every OL, /3 E R, there is a y E R such that nolp = By. 
(ii) A subring A of 17di as above is said to be n-stable if na’Aa C A for 
allaEA. 
With a proof similar to the theorem above from [8], we have 
THEOREM 3.6. Any n-stable subring of a direct product of division rings 
is n-subcommutative. Every n-subcommutative ring R without props nilpotent 
elements and with n prime to the characteristic of R is a subdirect sum of n-stable 
subrings of division rings. 
We now come to the importance of n-stable subrings of division rings. 
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THEOREM 3.7. If G is strongly indecomposable and n-stable where d is 
&thout proper nilpotent elements, then d is n-stable in its quotient ring. 
Proof. For 01, /3 E 8, g E G, there is a g’ E G such that n$g = j?g’. Define 
y E d by yg = g’. By Lemma 3.4, ker /3 = 0 and g’ is uniquely determined 
by g, 01, p. Now, nc& = py. 
Thus, d is n-subcommutative and therefore n-stable in its quotient ring 
by Theorem 3.6. 
We are now ready for 
4. CHARACTERIZATION OF n-STABLE SUBRING~ OF THE QUATEFWIONS 
We first give some indication in the next lemmas as to why we restrict 
our attention to D rather than D(e,f) for (e,f) # (1, 1). 
We will use the notation (a, b I&, c 1/q, d e) instead of the more 
cumbersome 
i 
LEMMA 4.1. Let 
A = (0, b d/e, c def, d y/J) and B = (0, t d/e, u @, v df). 
Then the following are equivalent: 
(i) AB = BA; 
(ii) there are r, s E Q, not both xe-ro such that rA + SB = 0; 
(iii) A and B are dependent. 
The proof is straightforward using that AB = BA if and only if 
(cY.) cv - du = 0, (j?) dt - bv = 0, and (y) du - ct = 0 and proceeding by 
cases with respect to entries being zero or non-zero. 
LEMMA 4.2. Suppose e and f are such that D(e, f) is a division algebra 
and R is a rank 3 subring of D(e, f) with (1, 0, 0,O) = I E R. Then R is not 
commutative and not n-stable for any n E N. 
Proof. By Lemma 4.1, we need only show that for n E RI, R is not n-stable. 
So suppose R is n-stable. 
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We first note that for e, f, D(e,f) is a division algebra if and only if for no 
a, b, c, d E Q does aa + b2e + c2ef + d2f represent 0 non-trivially since for 
(a, b 6, c 6f, d 47) E We,f), 
(a, b z/e, c v’ef, d 1/J>-’ = 
(a, --b 6 -c I’$, -d fl) . 
a2 + b2e + 8ef + d2f 
W.1.o.g. we may assume that {I, A$} is a maximal independent set in R 
where A and B are as in Lemma 4.1. 
LetC=aI+A,D=sI+Bfora,sEZ. 
If (a), (fl), (r) all hold as in Lemma 4.1, A and B would be dependent, 
so, again w.l.o.g., we assume that bu # ct. 
Now X = nC-lDC E R where C-l = CT/I C 11i2. We have 
1 C l1/2X = (s, {t(a2 + b2e - c2ef - d2f) + 2u(udf + beef) + 
2o(bdf - acf)} l/z {2t(bce - ad) + n(a2 + c2ef - b2e - d2f) + 
2w(ab + cdf)} 1/q, {2t(bde + ace) + 2u(cdef - abe) + 
w(a2 + d2f - b2e - c2ef)> fl). 
We derive a contradiction by assuming that X depends upon I, A, and B: 
(2) 1 C Ill2 X = SI + orA + t5lB for some OL, p E Q. 




Y = {t(a2 + b2e - c2ef - d2f) + 2u(adf + beef) + 2w(bdf - acf)} = 
Cab + ,W, 
2 = {2t(bce - ad) + u(a2 + c”ef - b2e - d2f) + 2w(ab + cdf)} = 
(w + Bu), and 
W = {2t(bde + ace) + 2u(cdef - abe) + w(a2 + d2f - b2e - c2ef)} = 
(ad + PJ). 
Since bu - ct # 0, from (3) and (4) we must have 
(6) 01 = l i I I/ 
bu - ct, and 
fl = 1,” ; I/bu - ct, 
where these must also solve (5). 
Substituting (6) into (5) and simplifying gives: 
(7) (bu - ct)2 e + (du - cw)” f + (bw - dt)2 = 0. 
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But then a2 + b2e + c2ef + d2f would represent 0 non-trivially, since 
bu # ct, and D(e, f) would not be a division algebra, contradiction. 
This completes the proof of Lemma 4.2. 
Since non-commutative n-stable subrings of D(e, f) must be of rank 4 we 
will concentrate only on the case e = f = 1. 
DEFINITION 4.3, For n E N, let R(n) = {(a, b, c, d): a E Q, , b, c, d E 2’Q,} 
and let R(-co) = D, R(0) = D, (M = N, u (--CO}). 
We are now prepared for 
MAIN THEOREM. (A) For n E M, R(n) is a stable subring of IID of rank 4 
which is subcommutative but not commutative. (B) Let R be an n-stable subring 
of D with 1: 
(i) If R has rank 62, then R is commutative and therefore stable. 
(ii) If R has rank 33, then for some m E M, R = R(m) and has rank 4. 
Proof. (B) Suppose that R is an n-stable subring of ID of rank 4 with 
IER. 
Suppose ((A4 c, 4, (0, Y, z, 4, and (0, t, u, v) are independent in 
R n M(Z; 4) with each in lowest terms in R n Ml@!; 4) and 
b c d 
I I 
y x w =aEN. 
t u v 
Then 
1 
cd + PY + yt = f 
a + @ + yu = g 
ad + j3w + yv = h 1 
is solvable if u 1 f, g, h. 
Thus, Ml(aZ; 4) n D C R. We now take CJ E N least with this property. 
Let A = (a, b, c, d), C = (s, t, u, v) E R. 
(8) nA-1CA = n(s, Y/l A jrj2, Z/l A 11j2, W 1 A j1/2), Y, 2, W as in (3), 
(4), and (5) and I A 1 = (a2 + b2 + c2 + d2)2. 
Now, b, c, d, t, u, v are arbitrary in UZ and s, a are arbitrary in Z. 
Since 0s cancels out of a, b, c, d E ai in (8) we may assume that a, b, C, d, 
t, u, v are arbitrary in Z with 
(9) un(0, Y/l A j112, Z/l A 11/2, W/j A (lj2) E R. 
Let <I = (0, 1, 0, 0), ep = (0, 0, 1, 0), and l a = (0, 0, 0, 1). The proof of B 
will be completed by: 
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LEMMA 4.4. For some f, u = 2f and for any m odd, (u/m) ci E R and 
(l/m)lER, 1 <i< 3. 
Proof. In (9) using (3), (4), and (5) let u = v = 0, t = 1 to obtain: 
(10) a2 + b2 7 c2 + d2 (0, a2 + b2 - c2 - d2, 2(bc - ad), 2(bd - ac)) E R. 
Let {~~:~} in (10) and add to (10) to obtain: 
(11) a2 + b2 “+” c2 + d2 (0, 2(a2 + b2 - c2 - d2), 0, 0) E R. 
Similarly, 
(12) a2 + b2 “+” c2 + d2 00, 2(a2 + c2 - b2 - d2), 0) E R, 
(13) a2 + b2 “+” c2 + d2 (0, 0, 0, 2(a2 + d2 - b2 - c2>) E R. 
and 
Now in (10) let {~~~} and add to (10) to obtain: 
(14) 
nu 
a2 + b2 + c2 + d2 
(0, 0, 0,4(ac + bd)) E R. 
Similarly, 
(15) a2 + b2 “+” c2 + d2 (0, 0, W + 40) E R, and 
(16) 
n 
a2 + b2 + c2 + d2 
(0,4(ad + bc), 0,O) E R. 
Before proceeding we need a further technical observation: 
LEMMA 4.5. For m odd, a, b, c, d > 0 with m = a2 + b2 + c2 + d2, some 
arrangement of a, b, c, d gives 
OY 
m = a2 + b2 + c2 + d2 < 2(a2 + b2 - c2 - d2) < 2m 
m < 4(ab + cd) < 2m. 
Proof. Suppose c, d < a, 6. If 2(a2 + b2 - c2 - d2) < m, then a2 + b2 < 
3(c2 + d2) so that m < 4(c2 + d2) < 4(ac + bd). Now, 4(ac + bd) < 2m = 
2(a2 + b2 + c2 + d2) since 2[(a - c)~ + (b - d)2] > 0 since a = c and 
b = d gives m = a2 + b2 + c2 + d2 even. 
Also a2 + b2 = 3(c2 + d2) contradicts the parity of m. 
Now to make use of (II), (12), (13), (14), (15), and (16) we need 
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LEMMA 4.6. Forp E IFP, and any e E N, there is a k 3 e and a representation 
pk = a2 + b2 + c2 + O2 where p +’ a2 + b2 - c2 - O2 and p f 4(ac + b * 0). 
Proof. Case 1: Suppose p is the sum of two squares. Then we may 
write 
p = x2 + y2 for 1 < y < x < p, 
where p 7 xy, x + y, x - y since 0 < x2 - y2 < p. 
Suppose pz = x2 + y2, where 1 < x, y and p + x + y, x - y, xy. Then 
(17) p2z = (y2 - x2)2 + (2x~)~ and p 7 (y2 - x2) and p 7 2xy so that 
p 7 (y2 - x2)(2xy) and p { 2[(y2 - x2)2 - (2xy)s] since, if so, 
p/2(y2 - x2)” by (17). 
Let a = 1 y2 - x2 1, c = 2xy and we have pzz = a2 + c2 as required. 
We therefore have our conclusion by induction if p is the sum of two 
squares. 
Case 2: If p = a2 + b2 + c2 + d2, 1 < d < c < b < a then 
(18) p2 = {2(ad + bc)}2 + {2(ac - bd)}2 + (a2 + b2 - c2 - d2)2 = 
x2 + y2 + x2, where p + xyz and p { x2 + y2 - x2, p not the sum of 
two squares. 
Suppose we have p 2”=x2+y2+x2,wherep~xyxandp~x2+y2-xs. 
Then p2”+’ = am + 4(y.~)~ + (x2 + y2 - x2)a = a2 + b2 + c2, where 
p 7 a2 + b2 - c2 since p 7 2c2 = 2(x2 + y2 - .z~)~. 
For p the sum of four squares we are now done by induction and the proof 
of the case for the sum of three squares is the same as starting at (18). 
We are now in a position to prove Lemma 4.4. 
Let p be an odd prime and suppose pe [I na (exactly divides). 
Choose k 3 2e + 1 such that pk = a2 + b2 + c2 as in Lemma 4.6 with 
p + r = 2(a2 + b2 - c2), 4ab, whichever satisfies Lemma 4.5. 
Letp~~~u,whereO<j<e,andletZ=e+jsothatO<l<2e<k. 
Now (nar/p”) QE R by (ll), (12), and (13) or (14), (15) and (16). Also, 
(nu2r/pz) and p are relatively prime so that for some a, b E Z we have 
apk-Z-b?!?%=1. 
P” 
We have (a, ba, 0,O) and (1, nur/pk, 0,O) E R so that 
(a, bu, 0,O) * (l,?, 0,O) = (a - b F, y + bu, 0,O) 
= 
( 
apk-l - bnu2 
Pk-l 
“‘” , $f + bu, 0,O) 
xz ( 1 - , y + bu, 0,O) E R. pk--l 
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But (nura/p”) ci and b UQE R so that (~/P”-~)IE R where k - I > 1. 
Hence, (l/p”)1 E R for all K E IV. 
For m odd, we have m = 17~“~ and (l/m)1 = l7(l/p”n)I E R and every 
crq E R so that (l/m) Iuri = (u/m) ci E R. Since u was the least positive 
integer with the property that all UQ E R, no m odd divides a and for some f, 
u = 2f. 
The proof of A now follows by the observations of Reid [8] and that 
the 2-adic valuation of Q extends to D by w(A) = [ZJ& A 11/2)]1/2 =
[w,(d + b2 + c2 + d2)]1/2, where A = (a, 6, c, d). (The valuation subring of 
ii3 is ID, .) 
COROLLARY 4.7. If R is an n-stable subring of 03 with I E R, then R is 
stable. 
Following the notation in the discussion of Reid’s work we have 
COROLLARY 4.8. D GJ Q, is a full matrix algebra over Q, for p # 2 and 
is a division algebra for p = 2. 
So far we have assumed d to be without nilpotent elements and so feel 
compelled to give a counterexample with radical. 
EXAMPLE 4.9. For n E IV,, , let 
A(4 
Q 0 0 0 0 0 
: 0” 0 0 b 0 0 d = 
0 0 -t 
0 0 -c f 
-L 
a -6” 
0 0 -d -c 6 a 
Each A(n) is subcommutative but not commutative of rank 5 with I E A(n): 
000000 
x00000 \ I 
radical (A(n)) = 
nilpotent of exponent 2. (A(n)/rad(A(n)) N R(n).) 
By Theorem B [3], there are torsion free (stable) groups H(n) of rank 10 
such that &(23(n)) N A(n). 
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5. COUNTEREXAMPLES OF RANK 8n 
THEOREM 5.1. FouanymEN,thereisaqEZsuchthatfornEN,,: 
(A) R(n; m, q) = {(a, b, c, d): a E a,( ?G), b, c, d E 2’Qz( 7’$> are stable 
in D(Tij) = I?(---co; m, q) = (a, b , c, d): a, b, c, d E Q( T/4)}, the quaternions 
over Q(T$. Each R(n; m, q) has ranh 4n. 
(B) For m, q, n as above, there is a torsion free stable group G(n; m, q) of 
rank 8n such that &‘(G(n; m, q)) N R(n; m, q). 
Proof. The proof follows from the fact that the 2-adic valuation on Q 
can be extended to a valuation v on Q( T@), for some q, in such a way that 
v(a2 + b2 + c2 + d2) < 
I 
v(a2 + b2 - c2 - d2) 
v(2(bc - ad) 
for all a, 6, c, d E Q( ?‘p) if 
v2(a2 + b2 + c2 + d”) < 
v2(a2 + b2 - c2 - d2) 
v,(2(bc - ad)) 
for all a, 6, c, d E Q. 
The proof of this fact has been graciously supplied by Professor H. B. Mann 
with the key being the following lemma: 
LEMMA 5.2. Let F be algebraic over Q, CY a prime divisor of 2 of degree 1 
and order 1. If E = l(Yj), j 3 3, then there is an ideal P in F[$$] such that P 
is a prime factor of CY of degree and order 1 (hence also of degree and order 1 
w.r.t. 2) and such that 
q/s z l(Pj-1). 
(Here $$ is one of the two square roots of 5.) 
Proof. Let p EF have ideal denominator Y. Then ~(1 - $2) is integral 
(trace and norm integral). Also the trace is prime to Y (since Y is of order 1 
w.r.t. 2). Hence, 
(p(l - a-i,, P(1 + &I, gy> = 1. 
Now A$,(1 - $2)) = p2( 1 - 5) = O(Y+2). Thus, ~(1 - $z) = O(Pi-2), 
where P 1 Y, P # (1) and so $2 = l(Pj-‘). 
If m = 2kn, n E l(2) and q = 1(2k+2) if K > 1 or q = l(2) if k = 0, then 
in Q(2), the ideal (2) h as a prime factor of degree and order 1. 
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By Lemma 5.2 and induction, the ideal (2) has a prime factor 9~’ of degree 
and order 1 in Q(G) such that Ti = l(9). Hence in both cases 
xn - qq E x” - 1 = (X - 1) q(+Y), 
where ((x - l), q(x), ?Y) = 1. Also, the discriminant of ((x” - &), 2) = 1. 
Hence [7], 2 has a factor of degree and order 1 in Q(?/p). 
6. POSSIBLE RANKS OF G(n) FOR b(G(n)) N R(n) 
If G is strongly indecomposable and b(G) = A has no proper nilpotent 
elements, then G is, in a natural way, a torsion free A-module and, as observed 
by Corner [3], we have 
LEMMA 6.1. (rank, G)(rank, A) = rank, G. 
Thus, for our examples, the choice of a group G(n; m, q) with 
b(G(n; m, q)) N R(n; m, q) must give rank G(n; m, q) = 4mr for some r E lV 
with rank&G(n; m, q)) = r. 
We wish to show that G(n) may not be chosen to have rank 4 for 
b(G(n)) ‘v I?(n). 
DEFINITION 6.2. Let n be a 2-adic integer with 
n= 1 +al’2+a,*2s+“. and 17, = 1 + a, .2 + ..* + a,-12+1. 
Define 
GIT = (X/P’,m, Y/P’,m; x + 17,~/2~ for n E IV) [5]. 
THEOREM 6.3. (A) For each 2-adic integer II as above, Gfl is P,-divisible 
and strongly indecomposable of rank 2. 
(B) If G is strongly indecomposable of rank 2 and P,-divisible, then for 
some 17 as above, G cv Gfl. 
Proof. (A) is clear by [5] and the proof of (B) is a straightforward com- 
putation. 
Now suppose that G is of rank 4 with b(G) N R(n) with {x, y, z, w} an 
independent set in G such that R(n) represents b(G) with respect to x, y, a, w. 
We may take h,x = h,y = h,z = h,w = 0 (heights 0 at 2). 
Consider (x, y)* < G and suppose that x + nky/2’” E G for k E N. Then 
x + GCY + (1 + 2nGJx + (rr, - 2”)y 
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under 
so that 2k-” 1 l7,x - y. Each lIk is odd so that 2” I (x/nk) + y and 
n,++j =x( nk;l). 
k k 
Then 2” j nkz + 1 so that lim I7 ,,2 = -1 = f12. But there are no square 
roots of -1 in the 2-adic integers. 
Thus, (x, y)* is not strongly indecomposable; similar conclusions hold 
for (x, h, (x, w>* , (Y, +*, <Y, w>* , ad (3, w>* . 
Let 
x,/2m = %X + &nY + YnP + hnw E G 
2m 
for all m E N, A = (a,!~, c, d)~R(n), where 
Then 
a = 2”~-%ra,ywa - .&Anl, 
b = w%An - %d%nl, 
c = w%n2 + hn21, 
d = 0. 
AX,,, = -2n{am(a,,,2 - Bn2 + Ym2 - L2)~ + Ptn(%n2 + Aa2 + Ym2 + hn2)w>. 
But (z, w).+ is not strongly indecomposable so that for m > K for some K, 
we must have 
2” I %&%a2 - Pm2 + YnL2 - L2) and t%(~,~ + Pm2 + ym2 + L2). 
But this is only possible for large m if all am , j?m , ym , 6, are even, in which 
case G(n) is not strongly indecomposable. This is now a contradiction by [g] 
since R(n) has no idempotents other than 0 and 1. 
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